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Possible Worlds and Propositions



What is a possible world?

1. M. Titelbaum: “Possible worlds are somewhat like the alternate

universes to which characters travel in science-fiction stories – events

occur in a possible world, but they may be different events than

occur in the actual world (the possible world in which we live).”

2. D. Lewis: “. . . there exist many entities of a certain description, to

wit, ’ways things could have been’ ”. (D. Lewis, Counterfactuals, 1973, HUP, p. 84)

2.1 In one possible world, I could have worn red trousers today.

2.2 In another possible world, I could have worn white trousers.

3. I will remain silent on what the metaphysical status of possible

worlds is1.

1For further discussion, see for example Possible Worlds by R.C. Stalnaker or

Stanford Encyclopaedia of Philosophy entry on possible worlds.
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Propositions and Possible Worlds

1. We can link propositions formulated in some language L (we will use

mostly propositional logic) to sets of possible worlds in which they

are true. For example, imagine the following possible worlds.

w1: Ramona has a Shepherd’s pie for lunch.

w2: Ramona has a blueberry pie for lunch.

w3: Ramona has spinach dumplings for lunch.

w4: Ramona has a cheeseburger for lunch.

w5: Ramona has a piece of vegan cheesecake for lunch.

w6: Ramona has a cheese pizza for lunch.

2. Proposition that Ramona has a cheese pizza for lunch is true in w6,

so we can associate that proposition with a set {w6}.
3. Proposition that Ramona has a non-meaty lunch is true in w2, w3,

w5 and w6. We can link that proposition to a set {w2,w3,w5,w6}
and are mutually exclusive.
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Logical Space of Possible Worlds aka Pictures!

1. There can be other possible worlds w than w1, . . . ,w6, in which

Ramona can have for example pancakes, ice-cream, etc.

2. We will refer to the possible worlds an agent entertains as her

doxastically possible worlds (we will ignore other possible worlds).

3. So let us further suppose that:

3.1 Ramona can have only those 6 options for lunch (they exhaust all

the possibilities).

3.2 Ramona can have only one lunch from those 6 possibilities (they are

mutually exclusive).

4. A mutually exclusive, jointly exhaustive set of propositions is called a

partition, for example, {w1,w2,w3,w4,w5,w6} is a partition.
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Propositions with Pictures

Proposition: Ramona has vegan lunch︸ ︷︷ ︸
V

.

w1: Ramona has a Shepherd’s pie for lunch.

w2: Ramona has a blueberry pie for lunch.

w3: Ramona has spinach dumplings for lunch.

w4: Ramona has a cheeseburger for lunch.

w5: Ramona has a piece of vegan cheesecake for lunch.

w6: Ramona has a cheese pizza for lunch.
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More Pictures!

Proposition: Ramona has meaty lunch.︸ ︷︷ ︸
M

w1: Ramona has a Shepherd’s pie for lunch.

w2: Ramona has a blueberry pie for lunch.

w3: Ramona has spinach dumplings for lunch.

w4: Ramona has a cheeseburger for lunch.

w5: Ramona has a piece of vegan cheesecake for lunch.

w6: Ramona has a cheese pizza for lunch.
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More Pictures: Negation (¬)

Proposition: Ramona does not have vegan lunch. (¬ V)

w1: Ramona has a Shepherd’s pie for lunch.

w2: Ramona has a blueberry pie for lunch.

w3: Ramona has spinach dumplings for lunch.

w4: Ramona has a cheeseburger for lunch.

w5: Ramona has a piece of vegan cheesecake for lunch.

w6: Ramona has a cheese pizza for lunch.
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More Pictures: Disjunction (∨)

Proposition: Ramona has vegetarian lunch︸ ︷︷ ︸
V

or

Ramona has sweet lunch︸ ︷︷ ︸
S

. (V∨ S)

w1: Ramona has a Shepherd’s pie for lunch.

w2: Ramona has a blueberry pie for lunch.

w3: Ramona has spinach dumplings for lunch.

w4: Ramona has a cheeseburger for lunch.

w5: Ramona has a piece of vegan cheesecake for lunch.

w6: Ramona has a cheese pizza for lunch.
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More Pictures: Conjunction (∧)

Proposition: Ramona has vegetarian lunch︸ ︷︷ ︸
V

and
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More Pictures: Material Implication ( =⇒ )

Proposition: If Ramona has a cheese pizza for lunch︸ ︷︷ ︸
C

,

then Ramona has vegetarian lunch︸ ︷︷ ︸
V

. (C =⇒ V)

w1: Ramona has a Shepherd’s pie for lunch.

w2: Ramona has a blueberry pie for lunch.

w3: Ramona has spinach dumplings for lunch.

w4: Ramona has a cheeseburger for lunch.

w5: Ramona has a piece of vegan cheesecake for lunch.

w6: Ramona has a cheese pizza for lunch.
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Probability Distributions



Distributions

1. Distribution: a mathematical object (relation) that assigns numbers

to propositions, for example:

1.1 d(M) = 100

1.2 d(V) = 0.6

1.3 d(V) = 50

1.4 d(S) = −4

2. Bayesians represent an agent’s degrees of belief as a distribution

over a language. But what distribution?

3. Probabilism is the philosophical view that rationality requires an

agent’s credences to form a probability distribution (that is, to

satisfy Kolmogorov’s probability axioms – next slide).
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Probability Distributions

1. Probability distribution: a function that assigns real numbers to

propositions as follows (Kolmogorov’s axioms):

1.1 Non-Negativity: For any proposition X in L, P(X ) ≥ 0.

1.2 Normality: For any tautology T in L, P(X ) = 1.

1.3 Finite Additivity: For any mutually exclusive propositions X and Y

in L, P(X ∨ Y ) = P(X ) + P(Y )

2. From these properties of probability distributions (Kolmogorov’s

axioms), we can prove much more, for example:

2.1 Negation: For any proposition X in L, P(¬X ) = 1− P(X ).

2.2 Entailment: For any mutually exclusive propositions X and Y in L,

if X =⇒ Y then P(X ) ≤ P(Y ).

2.3 Equivalence: For any propositions X and Y in L, if X ⇐⇒ Y then

P(X ) = P(Y ).

2.4 Partition: For any finite partition of propositions in L, the sum of

their values is 1.

2.5 Contradiction: For any contradiction F in L, P(F ) = 0.
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1.1 Non-Negativity: For any proposition X in L, P(X ) ≥ 0.

1.2 Normality: For any tautology T in L, P(X ) = 1.

1.3 Finite Additivity: For any mutually exclusive propositions X and Y

in L, P(X ∨ Y ) = P(X ) + P(Y )

2. From these properties of probability distributions (Kolmogorov’s

axioms), we can prove much more, for example:
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2.2 Entailment: For any mutually exclusive propositions X and Y in L,

if X =⇒ Y then P(X ) ≤ P(Y ).

2.3 Equivalence: For any propositions X and Y in L, if X ⇐⇒ Y then

P(X ) = P(Y ).

2.4 Partition: For any finite partition of propositions in L, the sum of

their values is 1.

2.5 Contradiction: For any contradiction F in L, P(F ) = 0.

11



Probability Distributions

1. Probability distribution: a function that assigns real numbers to

propositions as follows (Kolmogorov’s axioms):

1.1 Non-Negativity: For any proposition X in L, P(X ) ≥ 0.

1.2 Normality: For any tautology T in L, P(X ) = 1.

1.3 Finite Additivity: For any mutually exclusive propositions X and Y

in L, P(X ∨ Y ) = P(X ) + P(Y )

2. From these properties of probability distributions (Kolmogorov’s

axioms), we can prove much more, for example:

2.1 Negation: For any proposition X in L, P(¬X ) = 1− P(X ).

2.2 Entailment: For any mutually exclusive propositions X and Y in L,

if X =⇒ Y then P(X ) ≤ P(Y ).

2.3 Equivalence: For any propositions X and Y in L, if X ⇐⇒ Y then

P(X ) = P(Y ).

2.4 Partition: For any finite partition of propositions in L, the sum of

their values is 1.

2.5 Contradiction: For any contradiction F in L, P(F ) = 0.

11



Probability Distributions

1. Probability distribution: a function that assigns real numbers to

propositions as follows (Kolmogorov’s axioms):

1.1 Non-Negativity: For any proposition X in L, P(X ) ≥ 0.

1.2 Normality: For any tautology T in L, P(X ) = 1.

1.3 Finite Additivity: For any mutually exclusive propositions X and Y

in L, P(X ∨ Y ) = P(X ) + P(Y )

2. From these properties of probability distributions (Kolmogorov’s

axioms), we can prove much more, for example:

2.1 Negation: For any proposition X in L, P(¬X ) = 1− P(X ).

2.2 Entailment: For any mutually exclusive propositions X and Y in L,

if X =⇒ Y then P(X ) ≤ P(Y ).

2.3 Equivalence: For any propositions X and Y in L, if X ⇐⇒ Y then

P(X ) = P(Y ).

2.4 Partition: For any finite partition of propositions in L, the sum of

their values is 1.

2.5 Contradiction: For any contradiction F in L, P(F ) = 0.

11



Contradiction: Proof

Contradiction: For any contradiction F in L, P(F ) = 0.

Proof.

1. We know that ¬T is F i.e. contradiction.

2. We know that X and ¬X are mutually exclusive (so T and F are

mutually exclusive).

3. We can prove that P(¬X ) = 1− P(X ) (see Titelbaum p. 35)

4. We have that P(¬T ) = 1−P(T ) or P(F ) = 1−P(T ) = 1− 1 = 0.

12



Entailment: Proof

Entailment: For any mutually exclusive propositions X and Y in L, if

X =⇒ Y then P(X ) ≤ P(Y ).

Proof.

1. By the rules of L, we know that Y ⇐⇒ X ∨ (Y ∧ ¬X ) and

X ∧ (Y ∧ ¬X ) ⇐⇒ F .

2. By finite additivity – for any mutually exclusive propositions X and Y in

L, P(X ∨ Y ) = P(X ) + P(Y ) – we have P(Y ) = P(X ) + P(Y ∧ ¬X )

3. By non-negativity – for any proposition X in L, P(X ) ≥ 0 – we have

P(Y ∧ ¬X ) ≥ 0.

4. So P(X ) ≤ P(Y )
13



The Conjunction Fallacy (Kahneman & Tversky)

Linda is 31 years old, single, outspoken and very bright. She majored in

philosophy. As a student, she was deeply concerned with issues of

discrimination and social justice, and also participated in anti-nuclear

demonstrations.

1. What is more probable?

1.1 Linda is a bank teller.

1.2 Linda is a bank teller and is active in the feminist movement.
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The Lottery Paradox Revisited

A fair lottery has one million tickets. An agent is sceptical of each ticket

that it will win, but takes it that some ticket will win.

1. We have seen that The Lottery Paradox is a problematic situation

for binary beliefs – it clashes with some requirements of rationality

for binary beliefs.

2. When we move to degrees of belief, the situation is rather

straightforward (at least initially).

2.1 Let T1 be a proposition that ticket 1 wins etc. up to T106 . Let P be

a probability distribution over those propositions.

2.2 A possible reasonable P is 1/106 for each of the million propositions.

2.3 Probability of a proposition that some ticket will win is 1 (we use

finite additivity – p(T1) + · · ·+ P(T106) – and partition since all

propositions are mutually exclusive i.e. only 1 ticket wins).

2.4 What about the proposition that a ticket number n will not win, say

ticket n. 1? By additivity and partition, we get that

P(¬T1) = 1− P(T2 ∨ · · · ∨,T106) = 0.999999.
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Thank you!
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