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Comparative Confidence



Motivation

1. Numerical representation of credences with a precise number is

demanding.

Example

Suppose I tell you that:

1.) I have 0.4 credence that it will snow

tomorrow and

2.) I have 0.8 credence that it will rain

tomorrow.

2. It means that I am twice as much confident in rain than snow.

3. If we use single numbers to represent our credences, then we should

be able to make such a comparison for any pair of propositions.

4. It is demanding to ask agent to know how much more confident she

is in a proposition X than any proposition Y .
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Motivation

Example

Suppose I ask you how much more confident you are

1.) that global warming is a serious threat than

2.) that there exists intelligent extraterrestrial life.

1. You might be more confident in the truth of 1.) than 2.) (or vice

versa).

2. It seems more complicated to say how much more confident you are

in the truth of 1.) than 2.) (or vice versa).

3. We might want to be less demanding. We might want the agents to

be able to make only comparative statements – to know what you

believe more but not to know how much more.
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Motivation - Patrick Suppes

The intuitive idea of using a comparative qualitative relation

is that individuals can realistically be expected to make such

judgments in a direct way, as they cannot when the comparison

is required to be quantitative. On most occasions I can say

unequivocally whether I think it is more likely to rain or not in

the next few hours at Stanford, but I cannot in the same direct

way make a judgment of how much more likely it is not to rain

than rain.

(Suppes, P. Representation and Invariance of Scientific Structures,Stanford, CA: CSLI Publications, 2002.)
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Rationality of Comparative

Beliefs



Notation

For any propositions X and Y in L, let us say that:

1. X � Y will mean that the agent’s believe in the truth of X

is strictly greater than her belief in the truth of Y .

2. X � Y will mean that the agent’s believe in the truth of X

is strictly greater or the same as her belief in the truth of Y .

3. X ∼ Y will mean that the agent’s believe in the truth of X

is the same as her belief in the truth of Y .
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Rational Constraints on Comparative Beliefs

Comparative Transitivity: For any propositions P, Q, and R in L,

if P � Q and Q � R, then it’s not the case that P ≺ R.

Example

Imagine that I have the following beliefs about my lunch:

1.) I believe that I will have pizza for lunch more or equally than

that I will have an apple pie.

2.) I believe that I will have an apple pie for lunch more or

equally than that I will have a burger.

Then the Compartaive Transitivity says that:

3.) I should not believe strictly more that have a burger than a

pizza for lunch.
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Rational Constraints on Comparative Beliefs

Comparative Completeness: For any propositions P and Q in L,

either P � Q or P � Q (or both).

Example

Imagine that I have beliefs in the following propositions:

1.) The new Star Wars film will be good.

2.) I will go out on the New Year’s Eve.

Then the Comparative Completeness says that:

3.) I should judge 1.) more likely than 2.) or 2.) more likely than

1.) (or both). However, I do not need to how how much

more likely.

Notice: The option “both” says that if P � Q and P � Q, then P ∼ Q.

Notice: We are demanding here. What if the agent makes no comparison

between propositions A and B, either because it’s never occurred to her to

do so, or because she views them as incomparable in some way?
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Rational Constraints on Comparative Beliefs

Comparative Non-Negativity: For any proposition P and

contradiction F in L, P � F

Comparative Non-Triviality: For any tautology T and con-

tradiction F in L, it is not the case that F � T .
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Rational Constraints on Comparative Beliefs

Comparative Additivity: For any propositions P,Q, and R

in L, if P and Q are each mutually exclusive with R, then

P � Q just in case P ∨ R � Q ∨ R.

Example

Suppose I tell you I’m certain my colleague is travelling to
exactly one East Coast city for her conference, and that I’m
more confident that the city is New York than I am that it’s
Boston. But then I also tell you I’m more confident she’s
travelling to either Boston or Washington than I am that she’s
travelling to New York or Washington. This combination of
attitudes seems irrational.

(Titelbaum, M. Fundamentals of Bayesian Epistemology, ms., p. 467)
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Why do We Care about Comparative Rational Constraints?

1. It is interesting what the rational comparative beliefs look like.

2. We have spent some time showing that an agent’s credences should

be probabilistic, so we would like to have the following principle:

Probabilistic representability: P � Q just in case c(P) ≥ c(Q)

3. Question: For which constraints on comparative beliefs probabilistic

comparability holds?
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What Is Enough for Representability?

Are the constraints we have already mentioned enough?

1.) Comparative Transitivity

2.) Comparative Completeness

3.) Comparative Non-Negativity

4.) Comparative Non-Triviality

5.) Comparative Additivity

It turns out that they are not enough (see Titelbaum p. 469-470 for

a proof).
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What Else Do We Need?

We need an additional constraint to prove probabilistic representability –

the Scott Axiom.

Scott Axiom: Given any two equinumerous,

finite subsets of L {A1,A2, . . . ,An} and {B1,B2, . . . ,Bn}:

(a) if in each of the agent’s doxastically possible worlds, the

A-set contains the same number of truths as the B-set

(b) then if there exists some Ai and Bi such that Ai � Bi , there

also exists some Aj and Bj such that Aj ≺ Bj .

11



What Else Do We Need?

We need an additional constraint to prove probabilistic representability –

the Scott Axiom.

Scott Axiom: Given any two equinumerous,

finite subsets of L {A1,A2, . . . ,An} and {B1,B2, . . . ,Bn}:

(a) if in each of the agent’s doxastically possible worlds, the

A-set contains the same number of truths as the B-set

(b) then if there exists some Ai and Bi such that Ai � Bi , there

also exists some Aj and Bj such that Aj ≺ Bj .

11



What Else Do We Need?

We need an additional constraint to prove probabilistic representability –

the Scott Axiom.

Scott Axiom: Given any two equinumerous,

finite subsets of L {A1,A2, . . . ,An} and {B1,B2, . . . ,Bn}:
(a) if in each of the agent’s doxastically possible worlds, the

A-set contains the same number of truths as the B-set

(b) then if there exists some Ai and Bi such that Ai � Bi , there

also exists some Aj and Bj such that Aj ≺ Bj .

11



What Else Do We Need?

We need an additional constraint to prove probabilistic representability –

the Scott Axiom.

Scott Axiom: Given any two equinumerous,

finite subsets of L {A1,A2, . . . ,An} and {B1,B2, . . . ,Bn}:
(a) if in each of the agent’s doxastically possible worlds, the

A-set contains the same number of truths as the B-set

(b) then if there exists some Ai and Bi such that Ai � Bi , there

also exists some Aj and Bj such that Aj ≺ Bj .

11



The Scott Axiom – Example

The Scott Axiom – Example

Suppose I have two partitions A and T . My colleague Aamir will

have for lunch one of the following options A={spaghetti, pan-

cakes,sandwich}. My colleague Tonya will have one of the fol-

lowing options T ={pizza, hamburger,omelette}; where “pizza”

means that Tonya will have pizza for lunch.

We have two finite, equinumerous sets. Suppose that we list the

options alphabetically.

pancakes . . . . . . . . . . . . . . . . . . . . .

sandwich . . . . . . . . . . . . . . . . . . . . .

spaghetti . . . . . . . . . . . . . . . . . . . . .

hamburger

omelette

pizza
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The Scott Axiom

Example

Suppose that my comparative beliefs are as follows.

pancakes �
sandwich ∼
spaghetti ∼

hamburger

omelette

pizza

My beliefs then do not meet the Scott axiom. Why?

1.) Condition (a) of the Scott Axiom is met. Sets of options A

and T are partitions, so in each world I entertain as possible,

each contains exactly one truth.

2.) Condition (b) of the Scott Axiom is not met. There exists

some Ai (pancakes) and Ti (hamburger) such that Ai � Ti ,

but we do not have any options Aj and Tj such that

Aj ≺ Tj . I am exactly as confident that Aamir has a

sandwich/spaghetti as that Tonya has an omelette/pizza.
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The Scott Axiom – Example

The Scott Axiom – Example

The following comparative beliefs would be probabilistically

representable.

pancakes �
sandwich ≺
spaghetti ∼

hamburger

omelette

pizza

Condition (b) of the Scott Axiom is now met. There exists

some Ai (pancakes) and Ti (hamburger) such that Ai � Ti ,

and we have options Aj (sandwich) and Tj (omelette) such

that Aj ≺ Tj .
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that Aj ≺ Tj .
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The Scott Axiom – Example

1. We can show that Scott Axiom with Comparative Completeness,

Non-Negativity, and Non-Triviality yields a set of necessary and sufficient

conditions for probabilistic representability.
(Charles H. Kraft, John W. Pratt, and A. Seidenberg, Intuitive Probability on Finite Sets, The Annals of Mathematical Statistics,

30, 1959, p. 408-419)

2. We can also construct a Dutch Book for the Scott Axiom.
(Fishburn, P. C. The Axioms of Subjective Probability, Statistical Science, 1, 1986, p. 335-345.)

3. Probabilistic representability does not mean that the agent actually

assigns probabilistic credences. It only means that the agent can be

represented as if she assigned probabilistic credences.
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Challenges



Multiple Probabilistic Representations

1. The Scott axiom (plus the other axioms) do not guarantee that

there is a unique probability function that represents your

comparative beliefs.

The Scott Axiom – Example

Suppose that the numbers in the brackets are my credences

in the lunch options:

pancakes (0.6) �
sandwich (0.1) ≺
spaghetti (0.3) ∼

hamburger (0.5)

omelette (0.2)

pizza (0.3)

pancakes (0.3) �
sandwich (0.3) ≺
spaghetti (0.4) ∼

hamburger (0.2)

omelette (0.4)

pizza (0.4)

2. We would need to adopt stronger conditions (Suppes Continuity).
(Suppes, P. Studies in the Methodology and Foundations of Science, Berlin, Springer, 1969.)
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Positive Affine (Linear) Transformation

1. Even if the agent satisfies all the conditions of comparative beliefs, she

might assign credences that do not follow Kolmogorov’s axioms.

2. Whenever a probabilistic distribution matches an agent’s comparative

attitudes, any positive affine transformation of that distribution will match

those attitudes as well.
(Zynda, L. Representation Theorems and Realism About Degrees of Belief, Philosophy of Science, 67, 2000, p. 45-69.)

3. Such transformations change the scale (for example from the scale 0 to 1

to a new scale from 1 to 100) and they make the numerical representation

of comparative attitudes non-additive.

4. So, we might represent an agent with comparative attitudes

probabilistically, but we do not have to.

5. We cannot say that an agent whose comparative attitudes meet all the

required axioms is automatically like an agent with probabilistically

credences.

17
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Positive Affine (Linear) Transformation – Example

1. positive affine (linear) transformation: of x is defined as

y(x) = ax + b such that a > 0, b ∈ R

Affine Transformation – Example

x y(x)=9x+1 y(x)

0 9*0+1 1

1/3 9*1/3+1 4

2/3 9*2/3+1 7

1 9*1+1 10

2. Notice that y(x) is not additive since 4 + 7 = 11 > 10 and it

changes the original scale to 1 and 10.
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Ellsberg Paradox

Ellsberg Paradox

Imagine a draw from the following urn that contains:

1.) 30 red balls

2.) 60 black and yellow balls of unknown

proportion.

Now, you are asked what would you prefer in the two following

cases:

R: You receive $100 if you draw a red ball or

B: You receive $100 if you draw a black ball.

RY: You receive $100 if you draw a red or yellow ball or

BY: You receive $100 if you draw a black or yellow ball.

19
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1. These questions we tested, and people tend to have the following

preferences.

1.) They prefer R to B.

2.) They prefer BY to RY.

2. Such choices have consequences for pragmatic decision theory. It is

not our concern here.

3. More importantly, for us, their choices indicate the following

confidence comparisons:

1.) R � B.

2.) B ∨ Y ≺ R ∨ Y.

4. Such comparative attitudes do not meet Comparative Additivity

and the Scott Axiom entails Comparative Additivity. So if

Comparative Additivity is false in these cases, Scott Axiom

cannot be true either.

5. If such attitudes are rationally permissible (which is possible if we

consider how risk aversion might work), then neither Comparative

Additivity nor the Scott Axiom are requirements of rationality.
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Ranged credences



Motivation

Game Show You are a contestant on a game show. The

host shows you two large urns that contain balls marked 1000,

500, and 0. You know nothing about the relative proportions of

ball types in either urn or about the ways in which their contents

might be correlated. The host randomly pulls a ball from one

urn, but does not reveal it. He explains that you can either have

the amount on that ball plus 500, or you can randomly draw a

ball from the second urn and have the sum of the numbers on

the two balls added to your fortune. Should you pick a second

ball or stand pat?

(Joyce, M. J. A Defense of Imprecise Credences in Inference and Decision Making, Philosophical Perspectives, 24 (1), p. 281-323, 2010.)
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Motivation

A stranger approaches you on the street and starts pulling

out objects from a bag. The first three objects he pulls out are

a regular-sized tube of toothpaste, a live jellyfish, and a travel-

sized tube of toothpaste. To what degree should you believe that

the next object he pulls out will be another tube of toothpaste?

(Elga, A. Subjective Probabilities should be Sharp, Philosopher’s Imprint, 10 (5), p. 1-11, 2010.)
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Ranged credences - Representor

1. The idea is to take credence comparisons that the agent makes and

consider all of the numerical, probabilistic distributions that match

those comparisons.

2. The set of such probabilistic distributions is called a representor.

3. Representor serves as a formal representation of the agent’s doxastic

state. But how?

3.1 The agent’s overall state displays certain properties only if those

properties are shared by every distribution in the set.

3.2 Notice: We will see that this point is not strictly true (things are

more complicated).
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Representor - Example

Representor – Example (Titelbaum p. 484-485)

Imagine that you believe A more than ¬A and R more than ¬R.

For the sake of simplicity, suppose that there are only 2 probability

distributions cx and cy in the representor.

A R cx cy

T T 1/2 2/5

T F 1/4 1/5

F T 1/6 4/15

F F 1/12 2/15

1. cx(A) = 1/2 + 1/4 > 1/6 + 1/12 = cx(¬A)

2. cy (A) = 2/5 + 1/5 > 4/15 + 2/15 = cy (¬A)

3. The representor {cx , cy} represents your higher confidence in A than

¬A.

24
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¬R.
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Representor - Example

Representor – Example (Titelbaum p. 484-485)

Imagine that you believe A more than ¬A and R more than ¬R.

For the sake of simplicity, suppose that there are only 2 probability

distributions cx and cy in the representor.

A R cx cy

T T 1/2 2/5

T F 1/4 1/5

F T 1/6 4/15

F F 1/12 2/15

1. cx(A) = 1/2 + 1/4 > 1/2 + 1/6 = cx(R)

2. cy (A) = 2/5 + 1/5 < 2/5 + 4/15 = cy (R)

3. cx and cy do not agree on the relative rankings of A and R.

4. {cx , cy} represents you as being neither more confident of A than R,

nor more confident of R than A, nor equally confident in the two.
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Ranged Credences in Single Propositions

So far, we have used representor to describe an entire doxastic state of

our simple agent. How do we represent an agent’s doxastic state towards

a single proposition?

Representor – Example

Imagine that you believe A more than ¬A and R more than ¬R.

For the sake of simplicity, suppose that there are only 3 probability

distributions cx , cy , and cz in the representor.

A R cx cy cz

T T 1/2 2/5 1/3

T F 1/4 1/5 2/9

F T 1/6 4/15 1/3

F F 1/12 2/15 1/9

1. cx(A) = 3/4, cy (A) = 3/5 = 0.6, and cz(A) = 5/9 ≈ 0.56

2. What is an agent’s credence in A?
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Ranged Credences in Single Propositions

1. We represent an agent’s attitude towards A with the range [5/9, 3/4].

2. More generally, with the range [clower (X ), cupper (X )], where X is a

proposition.

3. clower (X ) is the lowest credence in X in the representer (lower probability)

4. cupper (X ) is the highest credence in X in the representor (upper

probability).

Representor – Example

Imagine that you believe A more than ¬A and R more than ¬R. For the

sake of simplicity, suppose that there are only 3 probability distributions

cx , cy , and cz in the representor.

A R cx cy cz

T T 1/2 2/5 1/3

T F 1/4 1/5 2/9

F T 1/6 4/15 1/3

F F 1/12 2/15 1/9
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Ranged Credences in Single Propositions

1. We have the range [5/9, 3/4] for A and [1/4, 4/9] for ¬A.

2. Lower probability assigned A is greater than the upper probability

assigned to ¬A.

3. This representor represents you as being more confident of A than

¬A.
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Ranged Credences in Single Propositions

1. cx(R) = 2/3, cy (R) = 2/3, and cz(R) = 2/3

2. We can write the range for R as [2/3, 2/3].

3. We can understand it as a sharp credence 2/3 in R.

Representor – Example

Imagine that you believe A more than ¬A and R more than ¬R.

For the sake of simplicity, suppose that there are only 3 probability

distributions cx , cy , and cz in the representor.
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Ranged Credences and Doxastic States

1. I said that the agent’s overall state displays certain properties only if

those properties are shared by every distribution in the set.

2. Notice: Point 4 is not strictly true. Every probability function in the

representor assigns a point value (single value) to a proposition, but

the overall doxastic state is a range (interval)!

3. Notice: Also every function in the representor is a probability

function. Are the resulting range credences probabilistic?
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Challenges



Dilation

1. What is teh updating procedure for ranged credences?

2. Traditionally, you take each distribution in your representor,

conditionalise it on the evidence gained, then compose an updated

representor from the set of distributions that result.

3. This method has a problem

4. Dilation: a phenomenon in which conditionalizing on new evidence

widens the range of values an agent assigns to a particular

proposition.
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Thank you!
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