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Who Are Experts?



Deference or Expert Principles

1. Deference Principles directs you to defer your doxastic states such

as credences by making them match authorities.

2. What are such authorities or experts?

3. They can be for example:

3.1 doxastic sates of experts in their field such medical doctors,

plumbers, architects, weatherforecasters, etc.

3.2 doxastic sates of more abstract experts such as your future self

3.3 entities such as objective chances
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How do I Identify Experts?

1. We usually differentiate between two types of experts:
(N. Hall, Two mistakes about credence and chance, Australasian Journal of Philosophy,2004, 82(1), p.93 – 111.)

1.1 database-expert: she possesses strictly more information or evidence

than me

1.2 analyst-expert: she is particularly good at evaluating the relevance

of one proposition to another (she does not have more evidence than

me, but she is particularly skilled at forming opinions from the

evidence we share)

2. Notice: Both categories can overlap (a doctor may have more

information than me and be better at evaluating that evidence and

forming her opinion in the relevant matter).
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General Expert Principle

General Expert Principle: Suppose that X is a proposition

and cE (X ) = y is expert’s credence y in that proposition.

Then

c(X |cE (X ) = y) = y . (1)
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Reflection Principle



Original Reflection Principle

1. There is a special type of a database-expert – your future self.

1.1 We suppose that you learn, and thus your future will have more

information than you have now.

1.2 It holds especially if you conditionalise since you learn with certainty.

You cannot unlearn what you have learned.

Let cc be your current credence function, ct your credence

function at some future time t, and X a proposition. Then, if

you are rational, for any H and t:

cc(X |ct(X ) = x) = x . (2)
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Original Reflection Principle

1. Reflection principle means that your current credence for X must be the

expected value of the probabilities you may come to have at future time t.

Proof

1.1 cc(X |ct(X ) = x) = x use the Ratio formula

1.2 cc (X&ct (X )=x)
cc (ct (X )=x)

= x multiply by cc(ct(X ) = x)

1.3 cc(X&ct(X ) = x) = x ∗ cc(ct(X ) = x) Total probability

1.4 cc(X ) =
∑n

i=1 cc(X&ct(X ) = xi ) =
∑n

i=1 xi ∗ cc(ct(X ) = xi )

so

1.5 cc(X ) =
∑n

i=1 xi ∗ cc(ct(X ) = xi )

Where xi is the possible future credence in X and cc (ct(X ) = xi )

is your current credence that you will have that credence xi in X .

2. Notice the step 1.3 of the proof: Reflection is a synchronic norm –

credences are assigned at the same (current) time. They just happen to

be credences about some future moment t (about your future credences

in X at t e.i. ct(X )).
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Reflection Principle – Example

Example – modified Titlebaum p. 145

Suppose that I have rolled a die you are certain is fair, but as of t1

have told you nothing about the outcome. However, at the current

moment you are certain that between now and later moment t I will

reveal to you whether the die came up odd or even. What should

be your current credence that the die landed on 6?

If I tell you that the die landed on an even number, your future

credence in 6 will be 1/3. If I say that the number is odd you

credence in 6 will be 0. Further, suppose that you have no reason

to suppose that I say even rather than odd and vice versa.
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Reflection Principle – Example

Example – modified Titlebaum p. 145

We have two possible future credences in 6: x1 = ct(6) = 1/3

and x2 = ct(6) = 0. You have no reason to suppose that I say

even rather than odd or vice versa, so suppose that your current

credence cc are cc(ct(6) = 1/3) = 1/2 and cc(ct(6) = 0) = 1/2.

The Reflection Principle suggests you should assign the following

current credence to the proposition that the die landed on 6:

cc(6) =
2∑

i=1

xi ∗ cc(ct(X ) = xi ) = 1/3 ∗ 1/2 + 0 ∗ 1/2 = 1/6.

(3)
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Reflection Principle – Example

Example Continued – Titlebaum p. 145

Suppose that I have rolled a die you are certain is fair, but as

of t1 (the current moment) have told you nothing about the

outcome. However, at t1 you are certain that between t1 and

t2 (future moment t) I will reveal to you whether the die came

up odd or even. The Reflection Principle suggests you should

assign credence 1/3 to the proposition that the die landed on

6:

c1(6|c2(6) = 1/3) = 1/3. (4)

Notice that c2(6) = 1/3, so we suppose that it is true. You

are also certain that you will conditionalise on evidence i.e.

c2(6) = c1(6|E ). So c1(6|E ) = 1/3. It must be the case

that the evidence that I give you is that the number is even.

Otherwise (if I say odd) c1(6|E ) would be 0.
8



Problems with the Original Reflection Principle

Problems with the Original Reflection Principle:

1. It is too specific – it is the expected value of future credences that you

believe you might have.

2. It does not allow for vague doxastic states.

3. It tells you how to actually react to your beliefs about future credences.

9
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Example - Spaghetti Revisited

Suppose at t1 you remember having spaghetti for dinner on

a particular day, so c1(S) = 0.999. By next year, you will

have no idea what you had for dinner that day. You’ll only

know that you eat spaghetti, say, 10 percent of the time.

Since c2(S) = 0.1, according to the original (special Reflection

principle), your current credence in S should be:

c1(S |c2(S) = 0.1) = 0.1 (5)

0.1 c1(S) =
∑n

i=1 xi ∗ c1(c2(S) = xi )

0.2 xi are the possible future credences in S , that is, values of

c2(S).

0.3 I know that I will only remember that I eat spaghetti 10% of

the time, so c1(c2(X ) = 0.1) = 1 and the only xi is 0.1.

0.4 c1(X ) = x ∗ c1(c2(X ) = 0.1) = 0.1 ∗ 1 = 0.1

10
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Generalized Reflection

General Reflection: My current opinion about event E must lie in
the range spanned by the possible opinions I may come to have
about E at later time t, as far as my present opinion is concerned.
(B. C. van Fraassen, Belief and the Problem of Ulysses and the Sirens, Philosophical Studies, 1995, p. 16. )

1. Notice: Van Fraassen talks about opinions in general and not only

credences (but credences count as opinions).

2. Notice: Van Fraassen says that your current credence needs to lie in the

span of you possible future opinions.

3. How does that help?
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Generalized Reflection - Opinions

1. Van Fraassen talks about opinions in general to include also vague

opinions (we will talk about vague opinions more in the next class)

Example - vague opinions about rain

A person may not have a precise numerical subjective probability
for rain. He or she may still consider rain more likely than not, or
consider it at least twice, but no more than three times, as likely as
not. Then we also say that his or her lower and upper probability
for rain are 2/3 and 3/4, or that his or her probability interval
is [2/3, 3/4], and call this subjective probability indeterminate or
vague.
(B. C. van Fraassen, Belief and the Problem of Ulysses and the Sirens, Philosophical Studies, 1995, p.18. )

1.1 We are give that c(rain) ≥ 2 ∗ c(¬rain) and suppose that

c(¬rain) = (1− c(rain)).

1.2 c(rain) ≥ 2 ∗ (1− c(rain)) so 3 ∗ c(rain) ≥ 2, and so

c(rain) ≥ 2/3

1.3 Similarly, supposing c(rain) ≤ 3 ∗ c(¬rain) and

c(¬rain) = (1− c(rain)) gives c(rain) ≤ 3/4

12
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Generalized Reflection - How does it help with Spaghetti

1. Van Fraassen gives as a possible answer example with croissants instead

of spaghetti.

Example - healthy croissant

. . . consider my present belief that croissants are healthy. I have
just read a highly convincing article about it, and my present sub-
jective probability for this is high, let us say 0.98 . . . if I am sure
that I will have some precise probability at later time t for Q=
[croissants are healthy], my current expectation value for its future
probability will be low as well - in conflict with Reflection. . . I also
envisage quite a lot of ways in which I may be vague on the sub-
ject at that time. Indeed, if I realize later that my opinion in such
matters is subject to much fluctuation, it seems more likely that I
will be vague on it then. In such cases there may be only a lower
bound: my total opinion on the matter then may be summed up
by the judgment that croissants being healthy is no less than K
times as likely as not (which sets no upper limit; if K = (1/9) the
interval is [0.1, 1])
(B. C. van Fraassen, Belief and the Problem of Ulysses and the Sirens, Philosophical Studies, 1995, p.20-21. )
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Generalised Reflection – Span

1. Secondly, Van Fraassen says that your current credence needs to lie in the

span of you possible future opinions.

2. We have seen how it approximately works with vague opinions, but there

is an important change even if you have precise credences.

14
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Generalised Reflection – general linear span

1. We know that the original Reflection principle entails the following.

Your current credence for X must be the expected value of the

probabilities you may come to have at future time t.

cc(X ) =
n∑

i=1

xi ∗ cc(ct(X ) = xi ) (6)

Where xi is the possible future credence in X and cc (ct(X ) = xi ) is your

current credence that you will have that credence xi in X .

2. Lying in the span of possible future credences is a weaker requirement.

Your current credence for X lies in the span of credences you may

come to have at future time t if.

cc(X ) =
n∑

i=1

xi ∗ λi (7)

Where xi is the possible future credence in X and λi are numbers such

that each λi ≥ 0 and
∑n

i=1 λi = 1 (i.e. not necessarily cc (ct(X ) = xi )).
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Generalized Reflection – general linear span

1. You can show that that the original Reflection principle is a corollary of

the General Reflection principle (given some assumption such as your

credences are precise (sharp)).

2. But in the Spaghetti case, the generalisation does not help if our

credences are precise:

Example - Spaghetti Revisited

Suppose at t1 you remember having spaghetti for dinner on a par-

ticular day, so c1(S) = 0.999. By next year, you will have no idea

what you had for dinner that day. You’ll only know that you eat

spaghetti, say, 10% of the time. Since c2(S) = 0.1, according to

the original (special Reflection principle), your current credence in

S should be:

c1(S) = cc(S) =
n∑

i=1

xi ∗ λi = x1 ∗ λ1 = 0.1 ∗ 1 = 0.1 (8)

Since we have only one value for xi i.e. 0.1 and the sum of λi need to

equal 1, so λ1 = 1.
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Generalised Reflection – Planning Strategy

1. Is there a way to escape the counterexamples like the Spaghetti

case?

2. We can reinterpret the General Reflection principle. Instead of giving

us advice what to actually do (what credence actually have at the

present time), it tells what present credences we should plan to

have. The reasoning goes as follows:

2.1 Spaghetti-like cases in which an agent forgets have the following

feature. The agent might want (plan) to update her credences by

conditionalisation. But she knows that she ends up updating her

credences in a different way than she would like to (she forgets

information which is a type of updating credences different from

conditionalisation). It then makes violations of the Reflection

Principle perfectly rational.

2.2 We can interpret Generalized Reflection as a strategy how an agent

responds to credences that she plans to have in the future.

2.3 Whether the agent actually updates by conditionalisation does not

(forgets information) will not matter now. It does not affect what

credences she plans to have (these planned credences supposedly

come from conditionalisation).

2.4 So, Generalized Reflection concerns only agent’s plans. It says that

an agent ought to defer in a particular way to the credences that she

plans to adopt.
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Generalised Reflection – Planning Strategy

Example - Spaghetti Revisited - Planning Reinterpretation

Suppose at t1 you remember having spaghetti for dinner on a

particular day, so c1(S) = 0.999. Your plan is to conditionalise

on your evidence from some partition E . If you know that there

is no evidence in E that changes by conditionalisation your

credence in eating spaghetti at t1, then your planned credence

in S at t2 is 0.999 (remember that no forgetting happens when

we conditionalise).

Since reinterpreted Generalised Reflection says how you should

defer to your future planned credences at the present moment,

you current credence at t1 in S should be also 0.999.
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Generalized Reflection - Reformulated in terms of Plans

Plan Generalised Reflection: Suppose an agent has cre-

dence function c at t. And suppose that she knows her ev-

idence between t and t ′ will come form a finite partition E .

Then it is a requirement of rationality that, if she plans to

update in accordance with update rule RE , then

(i) cR(E ,E)(E) = 1 for all E in E .

(ii) c is in the convex hull of R := {cR(E ,E) : E ∈ E}.
That is, c ∈ R+.

That is, there are {λE : E ∈ E} such that λE ≥ 0 for all

E ∈ E and
∑

E∈E λE = 1, such that for all X in F ,

c(X ) =
∑
E∈E

λEcR(E ,E)(X ). (9)

(R. Pettigrew, Accuracy and the Laws of Credence, OUP, 2016, p. 192)
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Generalised Reflection – More Generalisation

1. Van Fraassen generalises his principle even more
(see B. C. van Fraassen, Conditionalization: A New Argument For, Topoi, 18, 1999, p. 93–96.).

Generalised Reflection: For any random variable X and future t,
the expected value of X relative to p must lie in the span of the
foreseeable expected values of X relative to pt .
(J. Weisberg, Conditionalization, Reflection, and Self-Knowledge, Philosophical Studies, 135(2), 2007, p.179-197.)

Why is that important?

1.1 Van Fraassen shows that Generalised Reflection is equivalent to

conditionalisation. He meant it as an argument in favour of

Generalised Reflection since conditionalisation is such a widely

accepted norm (see the next section of slides).

1.2 For us, it is important because we can show on this example the fact

that credences can be seen as expectations of a specific type of

random variables (an indicator random variable).
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Generalized Reflection – What is a Random Variable?

Random variable is the numerical (or quantitative) outcome of an

experiment, study or process. The relationship between the possible

values of a random variable and the corresponding probabilities is defined

and made explicit by the probability distribution of the random variable.

A bit more formally, a random variable is a function (X : Ω →
R) that takes some events from the set of possible outcomes Ω

(sometimes called sample space) and assigns them real values from

R (technically, random variables are not restricted to real numbers

i.e. R).

Probability Mass Function: Le X with possible discrete values

{x1, . . . , xn} be a discrete random variable, then the probability

mass function is given by:

P(X = xi ). (10)

for each possible value of xi from {x1, . . . , xn}.
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Generalized Reflection – What is a Random Variable?

Example – Random Variable

Suppose we throw a fair die once. Random variable X will the score

shown on the top face and it can takes values from the following set

{1, 2, 3, 4, 5, 6} (our sample space Ω). Suppose, for example, that the

the event is that the die lands on 6. We can then write X = 6. The

random variable takes value 6. Another event is that the dice lands on

2, and so X = 2.

Suppose we are looking for the probability that the dies lands on 6,

that is, P(X = 6). Without further information about the case we

might go with the the following probabilities P(X = 6) = 1/6 and

P(X = 2) = 1/6.
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Generalized Reflection – What is a Random Variable?

Example – Random Variable

Suppose that of all the students who begin a degree course at a UK

university, 80% will eventually get a degree. If a random sample of five

UK The sample of students n = 5 can is selected, what is the probability

that just one will graduate?

The random variable X (the number of students who will graduate) can

take the following values {1, 2, 3, 4, 5}. This situation is so specific, that

we can determine the probability distribution (binomial distribution):

P(X = xi ) =

(
n

xi

)
px × (1− p)n−xi (11)

Suppose we are asking about the probability that X = 1.

P(X = 1) =

(
5

1

)
0.81 × (0.2)4 = 5× 0.8× 0.24 = 0.0064. (12)

The probability that only 1 student from our sample will graduate is

0.0064.
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Generalized Reflection – What is a Random Variable?

Example – Random Variable

Phone calls arrive at the rate (on average) of 2 per minute at the call

centre of an airline. What is the probability of receiving 2 calls in a

particular minute. The random variable X is the number of calls during

that minute.

This situation is again so specific, that we can determine the probability

distribution (Poisson distribution):

P(X = xi ) =
µx × e−µ

x!
, (13)

where µ is the expected value (average) of X . We are asking about the

probability that X = 2.

P(X = 2) =
22 × e−2

2!
=

4× e−2

2
= 2× e−2 u 0.271. (14)

The probability that 2 calls will be received during a particular minute is

0.271.
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Generalized Reflection – Indicator Random Variable

We know that a random variable is a function. Indicator random variable is the

following type of function.

Indicator function for event e:

I (e) =

{
1 if e happens

0 if e does not happen

Example – Random Variable

Suppose we flip a fair coin. It can come Heads or Tails (we suppose

it cannot land on a side). Let us say that our event e is that it

comes Heads. We can now define the indicator random variable for

our event that the coin lands Heads as follows:

I (Heads) =

{
1 if Heads

0 if Tails
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Generalized Reflection – Indicator Random Variable

We know that a proposition X can be represented as a set of possible world

where it is true. We can the define as a special indicator random variable:

IX (w ∈ X ) =

{
1 if w ∈ X

0 if w /∈ X

IX (w ∈ X ) gets value 1 if the proposition X is true in w (w ∈ X ) and

value 0 if X is false in w (w /∈ X ).

We can compute the expected value E of IX (w ∈ X ):

E(IX (w ∈ X )) = λ1 × IX (w ∈ X ) + λ2 × IX (w /∈ X )

where λ1, λ2 ≥ 0 and λ1 + λ2 = 1. Let us think of λ1 as credence
c(X ) that X is true (that the actual world w ∈ X ) and of λ2 as

credence that X is false (¬X is true i.e. the actual world w /∈ X ),

then:

E(IX (w ∈ X )) = c(X )× 1 + c(¬X )× 0 = c(X )
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Generalized Reflection and

Conditionalisation



Generalized Reflection and Conditionalisation

1. We can use Generalised Reflection to provide an alternative

justification to conditionalisation.

2. First we need to show the following.

Van Fraassen: c ∈ R+ iff c satisfies Generalized Reflection.

Where c ∈ R+ when for each E in E , there is λE ≥ 0 such that∑
E∈E λE = 1 and

cc(X ) =
∑
E∈E

λEcR(E ,E)(X ) (15)

and cc(X ) is your current credence in X .
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Proof: Generalized Reflection iff Conditionalisation

Van Fraassen: c ∈ R+ iff c satisfies Generalized Reflection.

From right to left: if c satisfies Generalized Reflection, then c ∈ R+.

Formally, we want to show:

If cc(X ) =
∑
E∈E

cc(E)cR(E ,E)(X ), (16)

then cc(X ) =
∑
E∈E

λEcR(E ,E)(X ) (17)

such that λE ≥ 0 and
∑
E∈E

λE = 1. (18)

It is obviously true since cc(E) is probabilistic and E is a partition, and

therefore cc(E) ≥ 0 and
∑

E∈E cc(E) = 1.
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We want to show that λE = cc(E).
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Proof: Generalized Reflection iff Conditionalisation

We want to show that λE = cc(E) to show that:

If cc(X ) =
∑
E∈E

λEcR(E ,E)(X ) (22)

such that λE ≥ 0 and
∑
E∈E

λE = 1 (23)

then cc(X ) =
∑
E∈E

cc(E)cR(E ,E)(X ). (24)

1. Take X to be some E ′ ∈ E , so cc(E ′) =
∑

E∈E λEcR(E ,E)(E
′)

2. If we stipulate that cR(E ,E)(E
′) = 1 if E = E ′ and 0 if E 6= E ′.

3. So cc(E ′) = λE as required.
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Proof: Generalized Reflection iff Conditionalisation

1. In the second step, we want to proof that

Van Fraassen: Generalized Reflection iff Conditionalisation.

2. From left to right: Suppose c and R (updating rule) satisfy Generalized

Reflection. Then:

c(X |E ′) =
c(X&E ′)

c(E ′)
(25)

=

∑
E∈E c(E)cR(E ,E)(X&E ′)∑

E∈E c(E)cR(E ,E)(E ′)
(26)

=
c(E ′)cR(E ′,E)(X&E ′)

c(E ′)cR(E ′,E)(E ′)
(27)

= cR(E ′,E)(X ) (28)
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Proof: Generalized Reflection iff Conditionalisation

1. We want to prove that Generalized Reflection iff Conditionalisation.

2. From right to left: suppose c and R satisfy Conditionalisation. Then:

c(X ) =
∑
E∈E

c(E)c(X |E) (29)

=
∑
E∈E

cR(E ,E)(X ) (30)
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Is Generalized Reflection Spotless?

1. Weisberg argues that we need three supplementary conditions for

“Generalized Reflection iff Conditionalisation” to work.
(Weisberg, J. Conditionalization, Reflection, and Self-Knowledge, Philosophical Studies, 135(2), p. 179–197).

1.1 You are certain you will always conditionalise.

1.2 You are luminous (an agent always knows her own credences) now

(at least with respect to your conditional credences).

Luminosity: For any X , t, if ct(X ) = x then

ct(ct(X ) = x) = 1

1.3 You will always learn from a partition.

2. Can we answer those concerns with the planned-conditionalisation

strategy?

3. Maybe it is not a justification for diachronic conditionalisation (how we

should actually update) but only planned conditionalisation (how we

should plan to update).

4. Notice: We can formulate an accuracy argument for planned

conditionalisation using Generalised Reflection.
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Principal Principle



Motivation

1. We have said (without any justification), for example, that we have

credence 1/2 that a fair coin lands Heads.

2. Intuitively, chances are some objective feature of the world. They do not

depend on what we believe or what our evidence is.

Example

Suppose you have been told that a coin is either two-headed

or two-tailed but you have no information about which it is.

The coin is about to be tossed:

1.) What is your credence that it will land Heads? 1/2.

2.) What is the chance that it will land Heads? Either 0 or 1

but you don’t know which.

(P. Maher, The Concept of Inductive Probability, Erkenntnis, 65(2), 2006, p. 185–206.)

3. We can see chances as experts in how the world actually is.

3.1 Remember that theoretical rationality assesses representational

attitudes in their capacity as representations how well they do at

depicting the world (e.g. following evidence).
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Principal Principle

Principal Principle Let PrH be any reasonable initial credence func-

tion. Let ti be any time. Let x be any real number in the unit in-

terval. Let Chi (A) = x be the proposition that the chance, at time

ti , of A’s holding equals x . Let E be any proposition compatible

with Chi (A) = x that is admissible at time ti . Then

PrH(A|Chi (A) = x & E) = x . (31)

1. Notice: The Principal Principle does not connect credence in H with

chance of H. The Principal Principle does not say anything about the real

chance of H. It says that if you are certain an event has objective chance

x of producing a particular outcome, and you have no other information

about that event, then your credence that the outcome will occur should

be x .

2. Notice: If we want to take chances as experts, we should know what they

are.
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What Are Chances?



Actual Frequentism (AF)

Actual Frequentism: For each event of type t, the chance
of outcome O occurring = The relative frequency of actual
occurrences of O within all events of type t.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.129)

1. In other words, if an event of type t occurs n times in which outcome

O occurs m times, then the chance of O on each occasion is m/n.

Example

Suppose a coin is flipped 10 times and then destroyed. It lands
Heads six times, so the frequency of Heads is 6/10. The actual
frequency theory of chance says that the chance of it landing
Heads on each of the flips was 6/10.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.129)

2. This theory sounds intuitive and down to earth, but . . .
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AF – The Reference Class Problem

1. We have said that (relative) frequency of an event i is the number

ni of times the event occurred divided by the total number of some

events N.

1.1 For example, if tossing a coin 1000 times gives 716 Heads, then the

frequency of Heads (given the sample) is 716/1000 = 0.716.

2. Reference class is the set of events which you use to compute the

frequency. For example, our reference class in the previous example

was the set of all tosses.

3. Determining reference classes in complicate cases might be a

problem. Suppose that you want to know the probability (frequency)

of developing certain medical condition. You need to find a number

of people who are “similar enough” to you and find how many of

them have developed that condition. It is difficult to day what

“similar enough” means.

3.1 For example, you don’t want to include all the living people (the

class is too wide), but you also don’t want to include only you (the

class is too specific).
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AF – Why Should Credences Match Frequencies?

1. Strevens’ argument gows as follows:

Imagine a betting game.

1.1 Strevens show that you will be best off in the long run if

your betting prices match the frequencies.

1.2 Actual frequentism identifies actual frequencies with

chances, it follows that you are best off if your betting prices

match the chances.

1.3 Assuming that your betting prices match your credences, it

follows that you are best off if your credences match the

chances.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.131.)

(M. Strevens, Objective Probability as a Guide to the World, Philosophical Studies, 95, 1999, p. 243-75.)

2. But why a good long-run strategy is good in a short run, for

example, a particular flip?
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AF – Single Cases

1. Actual frequentism gets things wrong for single events.

Example

Suppose a coin is made, flipped once, it lands Heads, and then
the coin is destroyed. Actual frequentism says that the chance
of the coin landing Heads was 100 percent. And this seems
wrong.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.129)

39



AF – Single Cases

1. Actual frequentism gets things wrong for single events.

Example

Suppose a coin is made, flipped once, it lands Heads, and then
the coin is destroyed. Actual frequentism says that the chance
of the coin landing Heads was 100 percent. And this seems
wrong.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.129)

39



Hypothetical Frequentism (HF)

1. Hypothetical frequentims is a reaction to the single case problem.

Hypothetical Frequentism: For each event of type t, the
chance of outcome O occurring = The relative frequency of
occurrences of O that would have occurred in a large number
of trials of events of type t.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.134)

2. In other words, chance of an event are identified with hypothetical

(limiting) frequency which are best thought of as the proportion of

successful outcomes (proportion of heads, in the coin-tossing

example) one would get if one were to repeat one and the same

experiment infinitely many times.

3. It is then not contradictory to suppose that the limiting frequency

when tossing a coin (even once) is 1/2 even if the observed

frequency is, for example, 0.6 or 1 as in the previous example.
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HF – Issues with Interpretation

1. hypothetical (limiting) frequency is an abstraction rather than

something that can be directly observed. It poses a couple of problems.

2. It is difficult to understand what performing the same experiment

infinitely many times means.

3. It is difficult to access limiting frequencies epistemically – what they are.

No finite sequence of observations can prove that the limiting
frequency is even close to the observed frequency. It is of
course very unlikely that an average value calculated from ten
million observations would differ dramatically from the true
average value, but it is not impossible
(R. Peterson, An Introduction to Decision Theory, CUP, 2009, p. 139.)
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HF – Unique Events

1. On the one hand, hypothetical frequentism can cope better with chances

of a single flip of a coin resulting in Heads than the actual frequentism.

2. On the other hand, what is the probability that Finland will be in a war

with Sweden or that a particular person (Mr Smith) dies before age of 41?

2.1 Von Mises, who formulated limiting frequency theory, would say that

probability does not apply to such event.

We shall not speak of probability until a collective has been
defined.
(R. von Mises, Probability, Statistics and Truth, MacMillan Company, 1928, p. 18.)

2.2 According to Mises, we can introduce the probability of death before

the age of 41 in a sequence of say 40-year-old Englishmen. It is the

limiting frequency of those in the sequence who die before age 41.

2.3 We have no collective when we consider a particular 40-year-old

Englishman such as Mr Smith, so no probability can be introduced

there.
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there.
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Propensity

1. Developed by Popper to avoid problems with probabilities for unique

moments.

Propensities: are tendencies, or probabilistic dispositions.
The analogy here is with dispositions like fragility, which for
our purposes may be defined as a disposition to break when
subjected to a suitably strong and sudden stress. . .Then the
idea is that just as fragility disposes fragile things always to
break when s-stressed, so a coin toss’s chance CH(H) of land-
ing heads disposes tosses with this CH(H) sometimes to land
heads, i.e. to tend to land heads, where CH(H) measures the
strength of that tendency.
(D. H. Mellor, Probability: A Philosophical Introduction, Routledge, 2005, p. 50.)

2. There is a lot of theories of propensity and what they are, but let us

illustrate the idea with two examples.
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Propensity

Example

The biases of coins, for example, are properties of those coins, which
they have whether or not they are being – or are ever – tossed.
Chances of landing heads or tails, on the other hand, are properties
not of coins but of coin tosses, either of actual or hypothetical
classes of them (on frequency views) or of single tosses (on modal
or propensity views).
(D. H. Mellor, Probability: A Philosophical Introduction, Routledge, 2005, p. 51.)

Chances are then dispositions of coin tosses. But what are such

dispositions?

Example

. . . it can be a disposition to produce a limiting frequency . . . On
this view, for a coin toss to have a chance CH(H) = p of landing
heads is for it to be such that, if there were an endless sequence
of tosses with a CH(H) = p, that sequence would have a limiting
frequency of heads . . . whose value would also be p.
(D. H. Mellor, Probability: A Philosophical Introduction, Routledge, 2005, p. 51.)
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Propensity

Popper’s Example

Begin by considering two dice: one regular, and the other biased
so that the probability of getting a particular face (say the 5) is
1/4. Now consider a sequence consisting almost entirely of throws
of the biased die but with one or two throws of the regular die
interspersed. Let us take one of these interspersed throws and ask
what is the probability of getting a 5 on that throw. According
to Popper’s earlier suggestion this probability must be 1/4 because
the throw is part of a collective for which prob(5) = 1/4. But this
is an intuitive paradox, since it is surely much more reasonable to
say that prob(5) = 1/6 for any throw of the regular die.
(D. Gillies, Philosophical Theories of Probability, Routledge, 2000, p. 115.)
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Propensity

1. We could say that the mix of throws of one regular and one biased die

does not form a genuine collective.

2. That is exactly what Poper wants us to say.

Popper’s Response

All this means that the frequency theorist is forced to introduce
a modification of his theory – apparently a very slight one. He
will now say that an admissible sequence of events (a reference
sequence, a ‘collective’) must always be a sequence of repeated ex-
periments. Or more generally, he will say that admissible sequences
must be either virtual or actual sequences which are characterized
by a set of generating conditions – by a set of conditions whose
repeated realisation produces the elements of the sequences . . .
Yet, if we look more closely at this apparently slight modification,
then we find that it amounts to a transition from the frequency
interpretation to the propensity interpretation.
(K. R. Popper, The Propensity Interpretation of Probability, The British Journal for the Philosophy of Science,

10(37), 1959, p. 34.)

3. The generating conditions are considered as endowed with a propensity to

produce the observed frequencies.
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Hypothetical Priors



Initial Distribution PrH

1. Let us again consider our formulation of the Principal Principle.

Let PrH be any reasonable initial credence function. Let

ti be any time. Let x be any real number in the unit interval.

Let Chi (A) = x be the proposition that the chance, at time ti ,

of A’s holding equals x . Let E be any proposition compatible

with Chi (A) = x that is admissible at time ti . Then

PrH(A|Chi (A) = x & E ) = x . (32)

2. Titlebaum says that PrH is a reasonable initial credence function.

What does reasonable and initial mean?
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Initial Prior Distribution

1. Suppose that there was a time when you had no contingent information.

You then got the first piece of evidence and conditionalise for the first

time.

2. This distribution is sometimes referred to as the agent’s initial prior

distribution (or her “ur-prior”). It is usually supposed that:

2.1 It satisfies Kolmogorov’s axioms (is probabilistic).

2.2 It is regular (the agent is not certain of any contingent proposition

but has precise probabilistic credences in them).

2.3 Rational agent’s credence distribution at any given time is her initial

prior distribution conditional on all the evidence she has at that time.

3. But such an initial distribution is a myth. Was there a time when you

possessed no contingent information, but you assign all tautologies

credence 1 and credence 0 to all contradictions.

3.1 David Lewis calls such creatures “superbabies”.
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Evidential Standards

1. We leave the thought that there was a time when anybody had an

initial prior distribution but re-purpose the general idea.

2. Suppose that agents have the same total body of evidence, but react

differently. It cannot be because their evidence differ. There must be

a different factor.

3. Agents can interpret evidence differently.

3.1 Somebody can be more risk-averse or sceptical requiring more

evidence to draw a conclusion and aims to avoid mistake.

3.2 Some people might rather chase the truth not paying attention to

mistakes that much.

3.3 Some scientists might prefer elegant theories to those fitting data

better or the other way around.

4. We call such different attitudes to evidence evidential standards.
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Hypothetical Priors Theorem

Hypothetical Priors Theorem: Given any finite series of

credence distributions c1, c2, . . . , cn each of which satisfies the

probability axioms and Ratio Formula, let Ei be a conjunction

of the agent’s total evidence at ti . If the c update by Condi-

tionalization, then there exists at least one regular probability

distribution PrH such that for all 1 ≤ i ≤ n:

ci (−) = PrH(−|Ei ). (33)

1. The idea is that Different hypothetical priors formally represent

different evidential standards.
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Hypothetical Priors

1. Hypothetical Prior: a probabilistic, regular distribution containing no

contingent evidence.

1.1 They encapsulate an agent’s abstract evidential assessment

tendencies, and stay constant throughout her life as long as she

obeys the Conditionalization update rule.

1.2 When two agents have different hypothetical priors, plugging in the

same body of total evidence may yield different results. So two

agents may assign different credences to the same proposition in

light of the same total evidence.

2. Hypothetical priors are not an agent’s degrees of belief at some

particular time. They do not relate to a particular moment in time, for

example, like ur-priors do (see Titlebaum p. 109 and 114).
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Reasonable Initial Distribution

1. We now know what initial distribution means – hypothetical prior

encoding one’s evidential standards. But does what reasonable mean?

2. This is a normative debate between objective and subjective Bayesians.

2.1 Probability axioms, Ratio Formula, Conditionalization leave a wide

variety of hypothetical priors available. Subjective Bayesians say

that any of those available priors are good to accept as your

hypothetical prior.

2.2 Objective Bayesians think that there is a unique rationally

permissible hypothetical prior for all agents. They accept:

Uniqueness Thesis: Given any proposition and body of total

evidence, there is exactly one attitude it is rationally permis-

sible for agents with that body of total evidence to adopt

towards that proposition.

2.3 For example, given any evidential situation, there is exactly one

credence that any agent is rationally permitted to adopt towards a

given proposition in that situation.
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Admissible Evidence (Titelbaum p. 135-339)

1. Admissible Evidence: information that can change your credences about

an event only by way of changing your opinions about its chances. It is

difficult to define admissible evidence. It is much easier to show examples

of inadmissible evidence.

Example

1.1 Suppose that you picked a coin from a jar. You friend Fred told

you that he put fair coins and biased coins towards Tails in the jar

(both types look indistinguishable).

1.2 Given the evidence, your credence that the picked coin will land

Heads should be bellow 0.5

1.3 Imagine that your fully trustworthy and never-lying friend,

Endeavour, tells you that Fred tricked you. Fred put only fair

coins into the jar.

1.4 Once you have learned this, no matter what else you learn about

the picked coin (for example by tossing it multiple times), it will

not change your credence that the coin is fair.

1.5 What Endeavour told you is inadmissible evidence.
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The Role of Admissible Evidence

1. Lewis claimed that as long as the evidence E is admissible and compatible

(logically consistent) with the chance hypothesis, E should make no

difference to the agent’s credence in A.

Example

1.1 Suppose that that chance hypothesis at time i is that the

coin is fair, so Chi (H) = 0.5

1.2 Your evidence E is the frequency of Heads in 1000 tosses.

1.3 E is compatible with Chi (H) = 0.5 and admissible.

1.4 The Principal Principle says your credence in H should be

0.5 despite your evidence about the frequency.

1.5 You can think of it in terms of causality. The coin’s physical

structure, and associated objective chances, causally

influenced the frequency and the result of the unknown flip.

Frequency information is relevant to the unknown flip, but

only by way of the chances.
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Considering Multiple Chance

Hypotheses



Caveat: Law of Total probability for Conditional Credences

Law of Total probability for Conditional Credences: Given a

conditional probabilistic credence c(A|E ) and partition B1, . . . ,Bn,

we can write:

c(A|E ) =
n∑

i=1

c(A|E&Bi ) ∗ c(E |Bi ). (34)
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What If You Don’t Have Full Information about Chances?

Example (Titlebaum p.141)

1. Suppose your total evidence E tells you that the chance of A is

either 0.7 or 0.4, which are the only possibilities (they form a

partition).

2. PrH(A|Chi (A) = 0.4 & E) = 0.4 and

PrH(A|Chi (A) = 0.7 & E) = 0.7

3. We use the Law of Total Probability

PrH(A|E) = PrH(A|Chi (A) = 0.4 & E)× PrH(Chi (A) = 0.4|E)

+PrH(A|Chi (A) = 0.7 & E)× PrH(Chi (A) = 0.7|E)

(35)

4. We can write

PrH(A|E) = 0.4× PrH(Chi (A) = 0.4|E)

+0.7× PrH(Chi (A) = 0.7|E)
(36)
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General Rule

1. We can use the fact that PP (Principal Principle) is formulated in terms

of conditional probabilities:

When your total evidence is admissible and restricts you to a finite set of

chance values for A, the Principal Principle sets your credence in A equal

to a weighted average of those chance values.
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Principle of Indifference



The Context for the Principle of Indifference

1. We have considered situations in which an agent works with different

types of evidence such as chances, expert credences, or future attitudes.

2. What about a situation in which she misses such evidence to guide her

doxastic states? How does she constrain her credences? Is any credence

state permitted as long as it is probabilistically coherent?
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The Principle of Indifference

Principle of Indifference: The Principle of Indifference asserts that
if there is no known reason for predicating of our subject one
rather than another of several alternatives, then relatively to such
knowledge the assertions of each of these alternatives have an equal
probability.
(J. M. Keynes, A Treatise on Probability, Macmillan and Co., 1921, p.45)

The principle of Indifference says that if an agent has no evidence

favouring any particular proposition in a partition over any other, she

should spread her credence equally over the members of the partition.
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Principle of Indifference: If there is no reason to assign
one of the n possibilities a higher probability than any of the
other possibilities, then each possibility should be assigned
a probability equal to 1/n.
(R. Bradley, A Critical Introduction to Formal Epistemology, Bloomsbury Academic, 2015, p.69)

1. What does it mean to have ‘no reason’?

1.1 First, the principle might be viewed as a way of assigning

ur-probabilities (hypothetical priors), the probabilities one ought to

assign absent any evidence whatsoever.

1.2 Second, it applies to agents who have evidence, but whose evidence

is not relevant to a certain partition. Their evidence does not favour

any one element of the partition over any other.
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Example n.1 – Partition Dependence

1. Another problem is that the Principle of Indifference is partition dependent.

1.1 Suppose that I tell you that I will have a lunch. What should be

your credence that I will have a vegetarian lunch?

1.2 First, you can think that either have a vegetarian or

non-vegetarian lunch. By the Principle of Indifference you would

assign credence 1/2 to the vegetarian option.

1.3 Then you think that maybe you should consider three options:

vegan, vegetarian, or meaty lunch. By the Principle of

Indifference, the vegetarian option should have credence 1/3.

1.4 But then you realise that maybe you should think about four

options: vegan, vegetarian, pescetarian, or meaty (no fish or

seafood) lunch. By the Principle of Indifference, the vegetarian

option should have credence 1/4.

2. Question: What is the right (privileged) partition (division of possibilities) to

distribute your credences over?
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Example n.2– Partition Dependence

1. Suppose a factory produces squares with edge length of between 1 and

2 cm. It therefore produces squares with area between 1 and 4 cm2.

2. Question-length: What is the probability that a square has length less

than 1.5 cm given that it was produced by that factory?

3. If we apply the Principle of Indifference to the length, the answer is 1/2,

as 1.5 cm is the half-way point between 1 and 2 cm.

4. Now let’s ask the same question in different words:

5. Question-area: What is the probability that a square has area smaller

than 2.25 cm22 given that it was produced by that factory?

6. It’s the same question because a square with length less than 1.5 cm

has area less than 2.25 cm2. So it should have the same answer of 1/2.

7. But: If we apply the Principle of Indifference to the area then there will

be a 50 percent probability that the square has area less than 2.5 cm2,

because the half-way point between 1 and 4 cm2 is 2.5 cm2.

8. So the probability that the square has area less than 2.25 cm2 is less

than 1/2. And this contradicts the answer we got when applying the

Principle of Indifference to the length.
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Thank you!
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