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Expected Value



Expected Value: Why Expected Value?

1. You can pick between two games as follows (Weisberg p. 101).

Which one would you pick?

1.1 Coin Game: A fair coin is flipped. You win 1$ if it lands heads and

nothing otherwise.

1.2 Die Game: A fair die is rolled. You win 3$ if it lands five or six and

nothing otherwise.

2. Notice that the Coin Game has higher chances of winning, but the

Die Game offers more money if you win.
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Why Expected Value?

1. One possible decision procedure in your position of uncertainty (you

only know chances), the one that we will use, is as follows.

1.1 Imagine that you play Coin Game and Die Game multiple times, for

example, 100 times.

1.2 Your chance of wining in the Coin Game is 1
2
. Half the time you

would win 1$ and half the time nothing. After 100 games you would

have 50$, so 50
100

= 1
2
$ is an average gain per game.

1.3 Your chance of wining in the Die Game is 1
3
. A third of the time you

would win 3$ and two thirds of the time nothing. After 100 games

you would have about 100
3

× 3 ≈ 100$, so 100
100

= 1$ is an average gain

per game.

2. On average (it might not happen to you), people tend to win more

playing the Die Game. Our decision procedure says “pick Die

Game”.
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Why Expected Value?

1. What are the expected monetary values in $ of the Coin Game and

the Die Game?

1.1 A fair coin is flipped. You win 1$ if it lands heads and nothing

otherwise:

1.1.1 EMV=Pr(W $)×W $ + Pr(L$)× L$ = 1
2
× 1$ + 1

2
× 0$ = 1

2
$

1.1.2 1
2
$ is the amount that you win on average per game.

1.2 A fair die is rolled. You win 3$ if it lands five or six and nothing

otherwise.

1.2.1 EMV=Pr(W $)×W $ + Pr(L$)× L$ = 1
3
× 3$ + 2

3
× 0$ = 1$

1.2.2 1$ is the amount that you win on average per game.

2. Expected monetary value is the amount of money that you win on

average per game.
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Exercise 1

1. Pranav and Tiffany make a bet about their favourite team winning.

Pranav is 60% sure that the team will win but Tiffany is sceptical

and gives it 40%. If the team wins, Tiffany will pay Pranav 5$. If

the team loses, Pranav will pay 7$ to Tiffany. Is this a good bet

from Pranav’s perspective?

2. Pranav’s expected monetary value in $ from the bet is:

EMV=0.6× 5 + 0.4× (−7) = 0.2

3. Is this a good bet for Tiffany (if she has the same credences as

Pranav)?

4. Tiffany’s expected monetary income in $ from the bet is:

EMV=0.6×−5 + 0.4× 7 = −0.2
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Exercise 2

1. Suppose that you want to play lottery. You get a lottery ticket from

your friend for free. The lottery ticket wins 1 000 000$ with the

chance of 1/100. Should you take that ticket?

1.1 Your expected value: 1
100

× 1000000 + 99
100

× 0 = 10000

2. What if the chance of winning is 1/1000000?

2.1 Your expected value: 1
1000000

× 1000000 + 999999
1000000

× 0 = 1

3. Notice: Since you get the ticket for free (there are no costs), the

expected value will always be positive if the probability of wining is

strictly bigger than 0.
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Exercise 3

1. Suppose that you want to play lottery. You now have to buy a ticket

to enter. The lottery ticket wins 1 000$ with the chance of 1/100.

2. Suppose that the ticket costs 5$. Should you buy that ticket?

2.1 Your expected monetary value:

EMV= 1
100

× (1000 − 5) + 99
100

×−5 = 5

3. Would the company sell a ticket to you for 5$?

3.1 The company’s expected monetary value:

EMV= 1
100

× (−1000 + 5) + 99
100

× 5 = −5

4. You win 5$ on average per game and the company loses 5$ on

average per game. So you would like to buy, but the company is not

eager to sell tickets for 5$.
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Fair Prices



The Idea behind a fair price

1. you: You do not want to buy a ticket (to invest) if you expect to

lose money on average. But, supposedly, you are happy to buy if you

do not expect to lose money on average or expect to win money on

average.

2. the company: It does not want to sell tickets if it expects to lose

money on average. But, supposedly, it is happy to sell if it does not

expect to lose money on average or expects to gain money on

average.

3. What is the price which would be acceptable for you and the

company?

4. Supposedly, the one for which neither of you expects to lose money

on average per game. It is when the expected monetary value is 0

for both of you.

7
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Fair Prices - Exercise

1. Suppose that you want to play lottery. You now have to buy the

ticket for 5$. The lottery ticket wins 1 000$ with the chance of

1/100. Is there a price at which you buy the ticket and the company

is happy to sell?

2. Your expected monetary value is:

1

100
× (1000 + (−L)) +

99

100
× (−l) = 0

1000− L− 99× L = 0

−100L = −1000

L =
−1000

−100
= 10

8
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Exercise – Why is 10$ a fair price

1. you: You do not want to buy if you expect to lose money on

average. But, supposedly, you are happy to buy if you don’t expect

to lose money on average or expect to win money on average.

1.1 Your expected monetary value from the game when you pay 10$ for

a ticket is: 1
100

× (1000 − 10)$ + 99
100

× (−10)$ which is 0.

1.2 The expected monetary value is strictly above 0 if you pay less than

10$ and below 0 if you pay more than 10$. You are happy to buy the

ticket for 10$ or less.

2. the company: It does not want to sell if it expects to lose money

on average. But, supposedly, it is happy to sell if it does not expect

to lose money on average or expects to gain money on average.

2.1 The company’s expected monetary value from the game when it sells

a ticket for 10$ is: 1
100

× (−1000 + 10)$ + 99
100

× 10$ which is 0$.

2.2 The expected value is strictly above 0$ if it sells tickets above 10$

and below 0$ if it sells for less than 10$. It is happy to sell a ticket

for 10$ or more.

3. There is only one price where you and the company can meet and

both be happy – it is 10$.
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Exercise 2

1. You grandma offers you a lottery ticket for 1$ that can win you 20$

with the probability of 1
10 . Is 1$ a fair price for such a ticket? If it is

not, what is the fair price?

1.1 What is yours and your grandma’s EMV?

1.2 your EMV= 1
10

× (20 − 1)$ + 9
10

×−1$ = 1

1.3 your grandma’s EMV= 1
10

× (−19)$ + 9
10

× 1$ = −1

1.4 The fair price is 2$.
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Exercise 3 – Titlebaum p. 231

1. Suppose you have the opportunity to buy stock in a company just

before it announces quarterly earnings. If the announcement is good

you will be able to sell shares at 100 each, but if the announcement

is bad you will be forced to sell at 10 a piece. The value you place in

these shares depends on your confidence in a good report. If you’re

40% confident in a good earnings report, what is you expected

monetary value for each share?

1.1 100$ × 0.4 + 10$ × 0.6 = 46$

1.2 Is 46$ a fair price from your point of view?

1.3 0.4 × (100 − 46)$ + 0.6 × (−36)$ = 0

1.4 Note: A game’s fair price (from one’s perspective) is thought to be

its expected value.
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Revisiting Examples

1. Remember the lottery in which a lottery ticket wins 1 000$ with the

chance 1/100. The fair price was 10$.

2. Suppose that the ticket costs 5$. Should you buy that ticket?

2.1 Your expected monetary value:

EMV= 1
100

× (1000 − 5) + 99
100

×−5 = 5

3. Would the company sell a ticket to you for 5$?

3.1 The company’s expected monetary value:

EMV= 1
100

× (−1000 + 5) + 99
100

× 5 = −5

4. for you A fair price for a lottery in which a 5$ ticket wins 1000$

with the chance 1/100 is to pay 5$.

5. for the company A fair price for a lottery in which a 5$ ticket wins

1000$ with the chance 1/100 is to receive 5$.
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Grandma example

1. You grandma offers you a lottery ticket for 1$ that can win you 20$

with the probability 1
10 . The fair price is 2$ (if you don’t want to rip

off your grandma).

1.1 your EMV= 1
10

× (20 − 1)$ + 9
10

×−1$ = 1

1.2 your grandma EMV= 1
10

× (−19)$ + 9
10

× 1$ = −1

2. for you A fair price for a lottery in which a 1$ ticket wins 20$ with

the chance 1/10 is to pay 1$.

3. for your grandma A fair price for a lottery in which a 1$ ticket wins

20$ with the chance 1/10 is to receive 1$.
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Fair Prices and Credences: The

Connection



Grandma Example

1. You grandma offers you a lottery ticket for 2$ that can win you 20$

with the probability of 1
10 . We know that the fair price is 2$.

1.1 your EMV= 1
10

× (20 − 2)$ + 9
10

×−2$ = 0

1.2 (20 − 2) is your net gain, so let us just write 18 instead of (20 − 2)

1.3 your EMV is 1
10

× 18$ + 9
10

×−2$ = 0

1.4 We can write 9
10

as (1 − 1
10

)

1.5 So we have 1
10

× 18$ + (1 − 1
10

) ×−2$ = 0

1.6 We multiply the bracket: 1
10

× 18$ − 2$ + 1
10

× 2$ = 0

1.7 Factor out 1
10

and add 2$ to each side of the equation.

1.8 We have: 1
10

× (18$ + 2$) = 2$

1.9 Divide each side of the equation by the bracket (18$ + 2$)

1.10 We have: 1
10

= 2$
(18$+2$)

14
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Grandma Example Generalized

1. You grandma offers you a lottery ticket for 2$ that can win you 20$

with the probability of 1
10 . We know that the fair price is 2$.

2. The fair price is 2$, so EMV= 1
10 × 18$ + 9

10 ×−2$ = 0

3. We have shown that 1
10 = 2$

(18$+2$) .

4. We have shown that Pr(winning 18$) = Loss
(Net Gain+Loss) .

4.1 Notice The ratio Loss
(Net Gain+Loss)

is called the betting ratio or the

betting quotient.

5. Notice Loss is the fair price that you pay (and lose) if you lose the

game. In the grandma’s game, the loss is 2$.

5.1 Notice If Loss is the fair price that you pay, then we can write that

fair price or Loss = Pr(winning 18$) × (Net Gain + Loss)

6. Notice We call the denominator (Net Gain + Loss) the stake. For

example, the stake in the grandma’s game is 20$.
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Results So Far and a Big Step

1. A fair price (what we call the loss) can be written as the probability

what we bet on times the stake, that is,

Loss = Pr(. . . )× (Net Gain + Loss)

2. Consequently, we know that we can express the probability of what

we bet on in terms of the betting ratio, that is,

Pr(. . . ) = Loss
(Net Gain+Loss)

3. Big Step Suppose that the probability what you bet on expresses an

agent’s subjective degrees of belief. For example, it is your degree of

belief that a ticket will win, that your favourite team will win, etc.

4. We can then, supposedly, measure one’s degrees of belief by the

betting quotient.

4.1 Suppose that you want to measure Jasmine’s degree of belief that it

will rain. Find a bet that she considers fair. For example, suppose

that she considers fair the bet in which she wins (you pay) 2$ if it

rains and she pays you 4$ if it does not pay.

4.2 Her degree of belief in rain is then Loss
(Net Gain+Loss)

= 4
(2+4)

= 2
3

4.3 Let us check what her EMV is: 2
3
× 2$ + 1

3
×−4$ = 0$
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What is Big about the Step?

1. Big Step: Degrees of belief should be matched by your betting

prices: “The old-established way of measuring a persons belief is to

propose a bet, and see what are the lowest odds which he will

accept.” (De Finetti)

2. Why is it big?

2.1 (Bradley, p. 33) Suppose your bus ticket home costs 1z l but you

have only 60 groszy. Someone offers you a bet that pays 1z l if and

only if a fair coin lands Heads, and charges you 60 groszy.

2.2 If you really want to ride home, you may rationally choose to take

the bet. Your degree of belief that that coin lands Heads is 0.5 (it

matches chances), but your betting price is 0.6.

2.3 Your betting price (betting ratio) 0.6 = 0.6
0.4+0.6

is not your credence

that the coin lands Heads (your credence follows chances and is 0.5)

2.4 Betting ratios and credences can come apart, and so we need the

simplifying assumptions e.g. agents care only about money.

17
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Big Step – Another Example

1. Suppose that you want to play lottery. The lottery ticket wins 1 000

000 $ with the chance 1/100. The ticket costs 9000$. It is a fair

game but....

1.1 Your expected monetary value in $ is:

EMV = 1
100

× (1000000 − 10000)$ + 99
100

× (−10000)$ = 0$

2. Your credence in winning can be 1/100, but you will not enter that

bet, so the measuring connection between credences and betting

behaviour breaks.

3. Consequently, we will suppose that we are not betting on amounts

that are existentially important to the agent but big enough for an

agent to care.

4. Suppose that you enter the game but because you love gambling –

you do not need to consider the game fair. The idea of measuring

credences by betting behaviour also breaks down .

5. We also suppose that you value only the monetary income and not

the gambling itself – your evaluation of gambles may change

otherwise.

18
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5. We also suppose that you value only the monetary income and not

the gambling itself – your evaluation of gambles may change

otherwise. 18
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Simple Bets with the Stake 1$

1. We will use a simple bet scenario. You will bet on the truth of a

proposition X (e.g. it will rain tomorrow) against a cunning bookie

Scrooge McDuck.

2. The bet pays S$ to a winner and nothing to a loser (but there is a

price to enter the bet). If you win, Scrooge pays you. If Scrooge

wins, then you pay him. The game is as follows:

2.1 You first say a number q.

2.2 After you say that number, Scrooge chooses S and decides how the

game goes:

1.) If X happens to be true, you pay Scrooge q × S$ and Scrooge pays

you S$. If X happens to be false, you pay Scrooge q × S$.

2.) If X happens to be true, Scrooge pays you q × S$ and you pay

Scrooge S$. If X happens to be false, Scrooge pays you q × S$.
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Dutch Book: Normality

Normality: For any tautology T in L, P(T ) = 1.

1. P(T ) < 1

2. P(T ) > 1

20



Dutch Book: Normality

Normality: For any tautology T in L, P(T ) = 1.

1. P(T ) < 1

2. P(T ) > 1

20



Dutch Book: Normality

Normality: For any tautology T in L, P(T ) = 1.

1. P(T ) < 1

2. P(T ) > 1

20



Dutch Book: Normality – case P(T ) < 1

1. You say that q = 0.4

2. Scrooge chooses stake S to be 1$. What does he do next?

2.) If X happens to be true, Scrooge pays you q × 1$ and you pay

Scrooge 1$. If X happens to be false, Scrooge pays you q × S$.

2.1 Notice that the game is fair from your perspective:

0.4 ∗ (0.4 − 1)$ + 0.6 ∗ 0.4$ = 0.4 ∗ (−0.6)$ + 0.6 ∗ 0.4$ = 0

2.2 Since X is the tautology, it, by definition, can never be false. So the

only case is that X is true, and so Scrooge pays you 0.4 × 1$ and

you pay Scrooge 1$. Thus, you always end up losing money in this

case – you lose 0.6$.
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Dutch Book: Normality – case P(T ) > 1

1. You say that q = 4

2. Scrooge chooses stake S to be 1$. What does he do next?

1.) If X happens to be true, you pay Scrooge q × S$ and Scrooge pays

you S$. If X happens to be false, you pay Scrooge q × S$.

2.1 Since X is the tautology, it, by definition, can never be false. So the

only case is that X is true, and so you pay Scrooge 4 × 1$ and

Scrooge pays you 1$. Thus, you always end up losing money in this

case – you lose 3$.

2.2 Is this a fair bet? Yes and No!
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Dutch Book: Normality – case P(T ) > 1

Why is it not a fair game?

1. Fairness in terms of expected monetary value being 0 (as so far

discussed) is not defined for credences or betting quotients such as

4. In such expectations, the weight must be probabilistic.

Why is it a fair game?

1. We can still consider a sum of weighted monetary prices (let us call

it schmecpectation) for q = 2 such as

4× (−4 + 1)$ + (−3)× (−4)$ = 0.

2. Notice that the betting quotient is 4
−3+4 = 4.

3. So we can see the bet as fair from the perspective of an agent

despite losing him/her/them money every time.
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Dutch Book: Normality

Notice that the fairness of the bet depends on the fact the the weights

(credences) equal to 1

1. Take expectation: 0.4 ∗ (0.4− 1)$ + 0.6 ∗ 0.4$. The weights are 0.4

and 0.6 which are supposed to be an agent’s credences. They sum

to 1.

2. That you credences over a partition X and ¬X sum to 1 is a

requirements to be justified and cannot be taken as an assumption.

3. If the agent’s credences do not satisfy Negation Coherence

(P(¬X ) = 1− P(X )), he might not take the bet. For example,

0.4 ∗ (0.4− 1)$ + 0.1 ∗ 0.4$ = −0.2, and so the agent will not take

the bet since he/she/they is disadvantaged.

4. Moreover, you credence 0.4 does not match the betting quotient
0.6

0.1+0.6 6= 0.1, and so the link between credences and betting

quotients is broken.
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Dutch Book: Normality

The DBA can still be used to argue that if you satisfy Negation

Coherence, then any incoherence elsewhere in your credence function is

irrational (i.e. that it is a requirement of rationality that if you satisfy

Negation Coherence, then you fully satisfy probabilistic coherence), but it

cannot itself show that Negation Coherence is a requirement of

rationality. (B. Hedden, Incoherence without Exploitability, Nous, 2013)
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Homework 1: Non-Negativity

Non-Negativity: For any proposition X in L, P(X ) ≥ 0.

1. Construct a Dutch Book for the non-negativity axiom.

2. Explain whether the agent (not the bookie) can see the bet as fair

and in what sense.
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Homework 2: Finite Additivity

Finite Additivity: For any mutually exclusive propositions X and Y in

L, P(X ∨ Y ) = P(X ) + P(Y )

1. Construct a Dutch Book for the finite additivity axiom (hint:

consider all cases).

2. Explain whether the agent (not the bookie) can see the bets as fair

and in what sense.

3. Explain what is the package principle in relation to the Dutch Book

for finite additivity.
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Thank you!
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